Abstract-In this paper a new detailed mathematical derivation of the squirrel cage induction machine d-q model is introduced. The model is based on coupled magnetic circuit theory and complex space vector notation and takes into account the actual non-sinusoidal rotor bar distribution. It is shown for the first time that, given the structural symmetry of the induction machine, both stator and rotor circuits can be modeled by the simple set of only four coupled differential equations. More important, the number of equations does not depend on the number of rotor bars and the model is valid even if the number of bars per pole is not an integer number. This enormous simplification is achieved without loss of generality nor loss of any information contained in the full set of equations and it is valid for any operating condition. The actual n rotor bars and end-ring currents are fully included in the model and they are obtained directly by using a simple vector transformation. In addition, the three-phase rotor equivalent parameters are obtained. Second order effects, such as skin effect in the rotor bars, can be taken into account by simply modifying the bar and end ring resistance values. An equivalent circuit based on the model is also derived.
derivation of the squirrel cage induction machine d-q model is introduced. The model is based on coupled magnetic circuit theory and complex space vector notation and takes into account the actual non-sinusoidal rotor bar distribution. It is shown for the first time that, given the structural symmetry of the induction machine, both stator and rotor circuits can be modeled by the simple set of only four coupled differential equations. More important, the number of equations does not depend on the number of rotor bars and the model is valid even if the number of bars per pole is not an integer number. This enormous simplification is achieved without loss of generality nor loss of any information contained in the full set of equations and it is valid for any operating condition. The actual n rotor bars and end-ring currents are fully included in the model and they are obtained directly by using a simple vector transformation. In addition, the three-phase rotor equivalent parameters are obtained. Second order effects, such as skin effect in the rotor bars, can be taken into account by simply modifying the bar and end ring resistance values. An equivalent circuit based on the model is also derived.
Since the number of equations needed is only four (th? same as in the equivalent dq model) the computation effort required t o solve the full system is drastically reduced.
I. INTRODUCTION
The well known dq model of induction machines is based on the assumption that both stator and rotor windings are sinusoidally distributed in space. Although the rotor cage is clearly non-sinusoidally distributed it is claimed that it can be replaced by an equivalent distributed winding [l] , [a] , (31. A formal derivation of such an equivalence however is rarely found in the literature and in those few cases where a more formal approach has been adopted the derivation becomes very complex requiring simplifying assumptions [4], [5] .
In the past several authors have used the coupled magnetic circuit theory to model a squirrel cage induction machine [6], [7] , [9] , [lo], [13] . In general, for a machine having n rotor bars this approach leads to a model having n+3 non-linear simultaneous differential equations (plus the mechanical equation) requiring huge computational power [6], [7] . Although the number of equations can be somewhat reduced when there is an integer number of rotor bars per pole, the task of solving such a system of differential equations remains a formidable one.
In this paper it is shown that by using a particular space vector transformation the machine can be fully modeled using only four coupled differential equations. This enormous simplification is achieved without loss of generality nor loss of any information contained in the full set of equations and it is valid for any operating condition. More important, the number of equations does not depend on the number of rotor bars and it is valid even if the number of bars per pole is not an integer number. The model predicts the three-phase rotor equivalent parameters in terms of the actual rotor bar resistance and inductance values as well as giving the actual rotor bar and end-ring currents, Since the model uses the actual rotor bar and end-ring parameters, second order effects such as skin effect, can be easily incorporated.
STATOR MODEL
The coupled magnetic circuit theory and complex space vector representation will be used through out she &xi-*:-tion. This technique is chosen because of Lhz great deal of simplification that can be achieved as we11 a5 its generality. The following gcneral assumptions are made: 0 negligible saturaticn, 0 uniform air-gap, e stator windings sinusoidally distributed, and 0 negligible inter-bar current Although a sinusoidally distributed stator winding is assumed other winding distributions could also be analyzed by simply using superposition. This approach is justified by the well known fact that different space harmonic components do not interact[l3].
The total stator flux vector As can be separated into a part due to the stator currents and one due to the mutual coupling with the rotor circuit. For clarity of explanation each term will be developed separately.
A . Stator flux due to stator currents
to the stator currents Ass is known to be [l] For sinusoidally distributed windings the stator flux due The magnetizing inductance, L,, , for a winding having (5) where 1 is the stack length, r the mean air-gap radius and g the air-gap length.
B. Stator jlux due to rotor currents
The rotor cage is normally modeled as n identical and equally spaced loops [4], [5], [9] . As shown in Fig. 1 
where 8 is the angular rotor position with respect to some arbitrary reference, 'p is a particular point along the airgap, g-: (p! 6) is the inverse air-gap function and N(p, 6) is the winding function defined a s the spatial distribution of MMF due to a unit current flowing in the winding. If the air-gap is assumed to be uniform and small compared to the rotor radius the inverse air-gap function becomes simply a constant 9-l and it can be taken out of the integral. In this case, to find the mutual inductance we only need to define the winding functions. Consider the stator windings and rotor bar disposition shown in Fig. 2 . Taking as a reference the magnetic axis of phase a the normalized stator winding function for this phase is [I13 
where a,. is the angle between two adjacent rotor bars and Bi and Bi+l define the position of the bars forming the loop.
The mutual inductance between phase a and the i t h rotor loop is
Since each rotor loop is symmetrically located along the rotor periphery, 6; can be expressed in terms of an arbitrary rotor angle, 6,. , and the angle between adjacent rotor bars, a,., as (11) oi = e,. + ( i -qa,. 
defines the space vector representation of the rotor currents.
The total stator flux, given by the sum of (3) and (17), is
Note that in this derivation no assumption has been made regarding the waveform of the rotor currents and (19) is valid for any type of excitation as well as during transient operation.
In space vector notation, the stator voltage vs is known
where r, is the stator resistance. Taking the time derivative of (19) and substituting into (20) yields
This expression has the same structure as the well known dq model available in the literature. The main difference being the phase angle introduced by the complex exponential term, which is due to the arbitrary choice of reference for the magnetic axis of the first rotor loop.
Also, since a nonsinusoidal rotor bar distribution is considered the number of rotor bars appears explicitly. 
ROTOR MODEL
Given the structural symmetry of the rotor it is convenient to model the cage as n identical magnetically coupled circuits. One particular advantage of this approach is that it is applicable to rotors with non-integral number of bars per pole. For simplicity each loop is defined by two adjacent rotor bars and the connecting portions of the end rings between them.
For purpose of analysis each rotor bar and segment of end-ring is substituted by an equivalent circuit representing the resistive and inductive nature of the cage [4], [5] , [12] . It is also convenient to carry out the analysis using mesh currents as the independent variables. Such an equivalent circuit is shown in Fig. 3 .
In general there are n + 1 independent meshes defined by the n rotor loops plus one formed by any one of the end rings. However, in the absence of an axial flux component the circumferential current in the end ring, i,, is identically zero, hence it will not be considered here.
The divided into two components one due to the stator currents, A,., and one due to the rotor currents, A,.,. . Again, for clarity of explanation, each component will be developed separately.
A . Rotor flux due to stator currents
The mutual coupling between rotor and stator, is given by 
where we have used the identity bn+m = bm.
Adding all the rows in (33) and reducing terms we obtain the rotor flux complex vector due to the rotor currents Lr The proportionality constant Lr corresponds to the equivalent rotor inductance. Note that its value is expressed only in terms of rotor dimensions and bar and end-ring inductance values.
The total rotor flux vector, defined as the sum of (28) and (34) 
C. Rotor equivalent resistance
The equivalent rotor resistance is obtained from the first term on the right-hand-side of (23). The procedure is identical to the one used to obtain the rotor flux therefore it will not be repeated here. It suffices to say that after multiplying each row of the first term in (23) by 1, b, . . . , in-', adding and simplifying it yields
Note that equivalent rotor resistance r, is expressed in terms of the actual bar and end ring resistance values making it straight forward to include changes in their values due to temperature or skin effect.
Finally, substituting (35) into (24) yields the rotor equation in the subspace defined by the rotor space vector transformation (37) Equations (21) and (37) correspond to the complex vector model of the squirrel cage induction machine and fully define the electrical behavior for both steady state and transient operation.
It is known that the sinusoidal coupling between the stator and rotor circuits can be eliminated by referring all the equations to a common reference frame [14] . Figure  4 shows a n arbitrary dq reference frame rotating at angular speed w . The required dq variables in this common reference frame are defined by the vector transformations 2 -j@.
Applying this transformation to (21) and (37) yields t 38) where The corresponding equivalent circuit representing the machine in an arbitrary rotating reference frame is shown in Fig.4 .
The analysis carried out so far has implicitly assumed a machine having only one pair of poles, the extension to multi-pole structures is quite straight forward and it only requires one to substitute mechanical angles by their electrical equivalents.
It is important to point out that in contrast to the usual full set of differential equations required to solve for rotor bar currents the use of the space vector transformation defined in (18) gives a much simpler description of the machine, regardless of the number of rotor bars, thus providing a faster analysis tool.
V. INVERSE CURRENT TRANSFORMATION
In general the n rotor currents need to be mapped into a full n-dimensional vector space. This new n-dimensional space is defined by the transformation where the superscript * denotes complex conjugate.
Eq. (44) shows that, for a symmetrical squirrel cage machine, only the complex conjugate subspaces are externally excited through the stator coupling while the rest can never be excited. Therefore the original n-dimensional space can be fully represented by the bi-dimensional subspace spanned by (18). Finally the inverse transformation is simply
where Re represents the real part and i , , and i , , are the real and imaginary components of the complex vector i+. .
Note that this result is completely general and it does not assume any symmetry in the rotor current distribution.
VI. ELECTROMAGNETIC TORQUE
Neglecting saturation the electromagnetic torque can be expressed as the partial variation of the co-energy with respect to rotor position Table I . The reduction in computational time achieved by the complex vector model is overwhelming. Note that both models fully predict the rotor bar and end-ring currents. However, at high speeds the full matrix model is prone to larger numerical errors due to the multiple matrix inversions combined to the rapid change in mutual inductance. Decreasing the integration step helps minimize this error, however this increases the computation time even more. The complex vector model, on the other hand, is free of such problems.
VIII. THREE-PHASE EQUIVALENT PARAMETERS
Another important advantage of the complex vector model is its ability to predict the parameters of an equivalent wound rotor machine. The equivalent parameters are most easily obtained by introducing a slight modification to the rotor current space vector definition (49)
-, The technique used is based on harmonic analysis and to obtain a closed form solution for the rotor leakage flux some approximations need to be made. Specifically, some of the spatial harmonic components produced by the rotor fundamental time harmonic component are neglected. This yields an approximate value of equivalent leakage inductance given by On the other hand the complex vector model is based on winding functions which take into account all the harmonic components at once. Also, the novel expression for the leakage inductance derived here has the virtue of simplicity without using the concepts of differential and zigzag leakages. bars is large 6 -+ 0 and the error is small. Conversely for rotor with fewer bars the error may be significant. As an example, the computations for rotors having 24 and 48 bars are presented in Table 11 . The effect of using the approximate value of leakage inductance on the torque and speed curves for the 5 HP machine used in the simulation is shown in Fig. 8 . In this figure the dotted line corresponds to the results of the dq model with Li, computed using (52) while the solid line corresponds to the superimposed solutions of the full matrix model, the complex vector model and the dq model with Ll, computed using (51). The number of equations needed t o fully represent the machine is independent of the number of rotor bars considered and the resulting equations have a similar structure t o the one found in the usual d-q model. Because of the minimum number of equations used in the final model the computation time required t o simulate the machine is drastically reduced. The three-phase equivalent rotor parameters in terms of actual rotor bar and end-ring resistance and inductance values are also obtained.
